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Abstract
Atomically thinfilms of Pb on Si(111) provide an experimentally tunable system comprising a highly
structured electronic density of states. The lifetime of excited electrons in these states is limited by both
electron–electron (e–e) and electron–phonon (e–ph) scattering.We employ the description by a
master equation for the electronic occupation numbers to analyze the relative importance of both
scatteringmechanisms. The electronic and phononic band structures, as well as thematrix elements
for electron–phonon couplingwithin deformation potential theorywere obtained fromdensity
functional calculations, thus taking into account quantumconfinement effects. For the relaxation
dynamics, the contribution of impact ionization processes to the lifetime is estimated from the
imaginary part of the electronic self-energy calculated in theGW approximation. By numerically
solving rate equations for the occupations of the Pb-derived electronic states coupled to a phononic
heat bath, we are able to follow the distribution of the electronic excitation energy to the various
modes of Pb lattice vibrations.While e–e scattering is the dominant relaxationmechanism, we
demonstrate that the e–ph scattering is highly phonon-mode-specific, with a large contribution from
surface phonons. At electron energies of about 0.3 eV above the Fermi surface, a ‘phonon bottleneck’
characteristic of relaxation in nanostructures withwell-separated electronic states is observed. The
time scales extracted from the simulations are compared to data frompump-probe experiments using
time-resolved two-photon photoemission.

1. Introduction

The thermalization of hot carriers inmetals after optical excitation is accomplished both by theCoulomb
scattering among the carriers (electron–electron (e–e) interactions) and by the scattering of electrons and holes
by lattice vibrations (electron–phonon (e–ph) interaction). In awell-established picture [1, 2], the relaxation can
be understood as a two-step process: at early times (t<0.3 ps), e–e scattering dominates and brings the
electrons to a thermal (or possibly non-thermal) distribution. At later times (>0.3 ps) the e–ph interaction
establishes equilibriumbetween the electronic distribution and the lattice temperature. In this second stage, the
high density of excited carriers close to the Fermi energy (within an energy interval corresponding to few phonon
quanta) is thought to be responsible formost of the energy flowbetween the electronic and the phononic system.
If so, the e–ph coupling inferred from thermalization experiments should relate directly to themicroscopic e–
ph coupling constant that governs electric resistivity or the superconducting transition temperature [3]. In this
prevailing view, the role of e–ph interactions already in the early stages of relaxation is usually ignored. However,
this simple picture is questioned by studies, both experimental and theoretical [4, 5], suggesting overlapping
timescales of e–e and e–ph-driven thermalization.Moreover, there is little knowledge how the electrons far
above the Fermi level (several tenth of eV) interact with the phonons. For instance, long-lived population of such
states, e.g. at the Pb-covered Si(111) surface, has been observed in photoemission experiments [6]. The situation
at high energies is in contrast to the e–ph interaction in close vicinity to the Fermi surface, which is crucial for a
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variety of physical phenomena such as electrical resistivity or superconductivity induced by electron–phonon
coupling in thin films [7], and is quite well explored utilizing the concept of the Eliashberg function (for an
overview, see [8]). In conclusion, there is a need formore studies of the e–ph interaction at energies further away
from the Fermi energy.

In this paper, we attempt to obtain a better understanding of the relative importance of e–e and e–
ph interaction in highly excited states of ametal and their respective contributions to the early stage of
relaxation. To introduce our approach, we have chosen thinmultilayer Pbfilms on Si(111). The fact that this
materials system shows a highly structured electronic density of states due to confinement effects [9, 10]has been
a great advantage for analyzing the energy-dependent lifetime of the excited electrons using time-resolved
pump-probe spectroscopy [11]. The experimental results were rationalized in [11] in terms of e–e interaction
only, and it was concluded that the electronic lifetime closely follows the behavior expected fromLandau’s
theory of Fermi liquids [12, 13]. Yet, a contribution of e–ph scattering to the lifetime cannot be excluded
completely based on the achieved level of agreement between experiment and theory. Therefore, we aim at a
detailed analysis of the role of e–ph scattering for the features observed in photoemission.

Since ample experimental and computational data are available for the Pb/Si(111)films, we consider this
system a good test case for quantitative studies of electronic relaxation dynamics. In a previous paper [14] by us,
we haveworked out a realistic atomistic description formultilayer Pbfilms on Si(111) and have carried outfirst-
principles calculations of the electronic and phononic band structure and of e–ph coupling in electronic states
far away from the Fermi level.While the e–ph interaction in bulk solids has become accessible tofirst-principles
calculations by using density functional perturbation theory togetherwithWannier interpolationmethods to
enhance the number of reciprocal-space sampling points [15–18], thinfilms on a substrate are still difficult to
treat on amicroscopic level because the adequate supercell typically contains tens to hundreds of atoms and
computational costs are high. For the Pbfilms on Si(111), for instance, the complex phase diagram [19, 20]
results in various reconstructions requiring large supercells for their description [21]. In the present work, we
constructed a ´3 3 unit cell of Si(111)matchedwith a (2×2) unit cell of Pb(111) to describe the atomic
structure consisting of 40 Pb and 30 Si atoms [14].While the two-dimensional Brillouin zone of reconstructed
surface plus interface is smaller than the Brillouin zone of a bulkmaterial, the supercell contains a large number
of bands, both in the electronic and phononic spectra. Therefore, a thoughtful selection of bandswill be required
to arrive at a tractablemodel for e–ph coupling. The approach via density functional perturbation theory and the
calculation of the Eliashberg functionwould be too cumbersome for large supercells.

In this paper, building upon the knowledge of our previous work [14], we elaborate on the consequences of
thesemicroscopic data for the e–ph scattering rate using a kineticmaster equation. The detailedmodeling of e–
ph scattering is combinedwith a description of the e–e interaction at the level of Fermi liquid theory. This
combination allows us to simulate the temporal evolution of electronic populations on the relevant scales and to
make contact with experimental observations.

2. Theory

The general problemof an excited electronic system coupled to lattice degrees of freedom can be approached
fromvarious perspectives. If one is satisfiedwith a classical description of the atomic positions and velocities and
their dynamics can be described in the trajectory approximation, carrying out non-adiabaticmolecular
dynamics simulations (e.g. with themethodology described in [22, 23]) is themethod of choice. As an advantage,
this approach can handle large deviations of the atomic positions from their ground state, and the forces acting
on the atoms are calculated directly within thefirst-principles electronic structure framework. Thus, it is suitable
for systemswith very strong and nonlinear electron–phonon coupling, as encountered e.g. in two-dimensional
materials [24]. In this work, we emphasize the quantumnature of the phonons, while theweak coupling of the
electrons to phonons and to external fields can be treated infirst-order perturbation theory. Casting the problem
into the formof amodelHamiltonian, it readsH=H0+Hint withH0 being the ground-stateHamiltonian
with phonons described in the harmonic approximation

( )† †å åe= + W�H c c b b . 1
n

n n n
I

I I I
k

k k k
Q

Q Q Q0

The creation and annihilation operators †c c,n nk k and
†b b,I IQ Q obey the usual anticommutator relations for

fermions and commutator relations for bosons, respectively. Thefirst, integer index n specifies the band, while
the second index k describes the crystalmomentum in the formof a two-dimensional vector within the Brillouin
zone of a thin slab. Capital letters are used to index phononmodes, whereas small letters refer to electronic
bands. In contrast to themolecular dynamics approachmentioned at the beginning of this paragraph, the full
quantum treatment is best suitedwhen the coupling terms in the interactionHamiltonianHint are weak, and the
modelHamiltonianH0 provides already a good starting point for the coupled dynamics.
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UtilizingmodelHamiltonians for describing electronic dynamics is awell-established technique in the field
of ultrafast soild-state optics, see e.g. [25, 26]. In semiconductor bulkmaterials and quantumwells, the
dispersion εnk entering theHamiltonian can be approximated as being quadratic (and sometimes as being linear,
e.g. for graphene [27]), and a full solution of the relaxation dynamics for various scatteringmechanisms has been
achieved in these cases. Here, we are interested in a realistic description of the ground state of a particular system.
For this reason, all the band energies and phonon frequencies enteringH0 are determined by density-functional
theory calculations. TheVASP code [28]with the settings described in [14]has been employed for this purpose.
The electronic single-particle energies εnk are taken to be equal to theKohn–Sham eigenvalues obtainedwith the
GGA-PBE exchange-correlation functional [29]. The phonon frequenciesΩIQ and the corresponding
eigenmodes are obtained fromDFT calculations using themethod offinite atomic displacements within a
supercell, as detailed in [14, 30]. In case of the Pb/Si(111)films, such a detailed first-principles description is
considered necessary in view of the experimental findings: the two-photon photoemission spectra showpeaks at
certain intermediate-state energies of the electrons that are referred to as quantumwell states (QWS). These are
energies where the electronic density of states is high and/orwhere the excited electrons are long-lived. For a
correct prediction of the energetic position of theQWS, the (1×1) periodicity of a free-standing Pb(111)films
is not sufficiently accurate [31]. It is required to take the larger ( )´3 3 periodicity enforced by the Si(111)
substrate into account. Asmajor achievement of the first-principles calculations in [14], wewere able to
reproduce quantitatively the dependence of the energetic position of theQWSon the number of Pb layers in the
film, aswell as the very small dispersion of the occupiedQWS in the filmswith an odd number of Pb layers. On
this basis, the present work is addressing the role of the electronic lifetime in theQWS for the experimentally
detected peaks.

The interactionHamiltonianHint contains any further interactions required to describe the problem at
hand. These interactions could e.g. be the electron–electron interactions beyond the effectivemean-field
description of density functional theory (see below).Moreover, the interactionwith an external electromagnetic
field, e.g. of a laser pulse, can be considered as part ofHint.Most importantly for the present study,Hint contains a
termHep describing in linear order the coupling of the electrons to quantized phonons

( ) ( )† †å= +
¢ ¢

¢ ¢
¢ ¢ -H c c b bD . 2

n n I
n I
n

n n I I
k k Q

k Q
k

k k Q Qep
, ,

,

The term in parentheses is linear in each phonon coordinate.
In principle it is possible to describe the quantumnon-equilibriumdynamics under the action ofH exactly

by a densitymatrix. Schemes for evolving the densitymatrix in time have beenworked out [32], and applications
to surfaces and low-dimensional systems can be found in the literature [27, 33–35]. However, since the system
wewant to describe is quite complex, we resort to a simpler description of the dynamics which is appropriate if
the coherent excitation by an optical pulse and the subsequent relaxation take place on separable time scales.
While quantum coherence is important during the interaction of the systemwith the lightfield, electron–
electron scattering usually leads to a fast loss of coherence [36]. For Pbfilms, an example of calculations taking
the effects of coherence into account can be found in [6]. In the limit of vanishing coherence, only the diagonal
elements of the densitymatrix, the populations fnk of states indexed by n and thewave vector k, are important.
For the investigation of the ultrafast population dynamics in our system, the quantities whichwe have to look at

are the electronic occupation numbers ˆ ˆ†= á ñf c cn n nk k k and the phononic occupation numbers ˆ ˆ†
= á ñn b bI I IQ Q Q .

For the latter, we employ a bath approximation

( )ˆ ˆ ( )†
á ñ = =

-W�
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Q Q Q
I

B I

Q

In the numerical calculations presented below, wewill use different baths, one for each high-lying opticalmode
of the Pbfilm (ΩIQ�2 THz)with temperatureTI, and a commonone for all low-frequency phonons of the Pb
film (ΩIQ<2 THz)with temperatureT0.More details are given in the appendix.

Using theMarkov approximation and the second-order Born approximation for the transitions, it is
possible to derive from the density-matrix equations a set of coupled differential equations that can be cast into
the formof amaster equation (see [37])

( ) ( )= G - - G
t

f f f
d

d
1 . 3n n n n nk k k k k

in out

The expressions for the rates, both for scattering into and out of the state nk, aremade up of an electronic and a
phononic contribution each, i.e.Γnk=Γnk

(ee)+Γnk
(ep). This holds for bothΓin andΓout that both consist two

terms owing to electron–electron scattering and electron–phonon scattering:

( )( ) ( )G = G + G , 4n n nk k k
out out ee out ep
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( )( ) ( )G = G + G . 5n n nk k k
in in ee in ep

Exploiting conservation of crystalmomentumparallel to thefilm, - ¢ =k k Q with the sign depending on
phonon emission or absorption, the electron–phonon scattering rates originating from theHamiltonian (2) can
be expressed according to Fermi’s golden rule as
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These expressions include processes where the electron absorbs a phonon aswell as phonon emission processes.
This is denoted by the±signs in the equations, where theminus sign stands for absorption, and the plus sign for
both spontaneous and induced emission, proportional to nIQ+1.

It is our goal to calculate the contribution of e–ph scattering to the lifetime of specificQWS in Pb/Si(111)
films. In a very simple picture, the conduction band electrons of Pbwith crystalmomentumnormal to the
surface or interface of the Pb(111)films are confined, similar to the quantum-mechanical particle-in-a-box
problem. In an atomistic picture, these conduction band states are derived from the 6pz orbitals of the Pb atoms
and their wavefunctions extend both above the surface and into the Si(111) substrate, see [14]. As described in
the experimental paper [11], there are significant differences between the lifetimes infilmswith an even and an
odd number of Pb layers. Therefore, we study two representative systems, a Pbfilmwith 4monolayers (ML) and
onewith 5MLon Si(111). Side views of the corresponding slabs are depicted infigure 1.Motivated by the
experimental focus on excited electrons in unoccupied bands, we include e–ph scattering rates for the electrons
excited intoQWS. Since the population of the valence bandswas not analyzed in these experiments, the hole
states are treated in less detail, and and only Coulomb scattering, as described in section 3.2, will be considered
among the holes. To solve the rate equations, we need explicit expressions for the quantities -Dn I

m
k Q
k Q
, and nIQ(T)

in equation (6) entering the decay rates ( )Gin, ep and ( )Gout, ep . Both quantities depend on the phonon branches
ΩIQ. Of all phononmodesΩIQ of the supercell obtainedwith ourfirst-principles approach [30], thosewith Pb
character are taken into account, see figure 6 in [14]. This amounts to I=1,K48 for the 4MLPb slab and
I=1,K60 for the 5MLPbfilm on Si(111). To keep the number of individual scattering processes at a
tractable level, we also restrict ourselves to a subspace of the electronic bands: sincewe are interested in the
electron–phonon coupling inQWS in Pb, only those electronic bands that have a significant overlapwith the Pb
6pz orbitals, as indicated by theVASP calculation, are retained in theHamiltonianHep in equation (2). The
electronic states belonging to a specific Pb-derived band are grouped together into subsets indexed byα(k)ä {n}
of all band indices n. To be specific, we used thefive (six) lowest-lying conduction bandswith appreciable Pb 6pz

Figure 1.Atomic structure and electronic bands (dashed lines) in a selected energy range above the Fermi energy (horizontal dashed
line) for (a) 4MLPbon Si(111)( )´3 3 (b) 5MLPbon Si(111)( )´3 3 . The bandswith large Pb 6pz character are
highlighted by the red symbols and thick red lines. The dashed ellipsesmark the regions of quantumwells states (QWS)whose lifetime
under e–ph scattering is shown in figure 2(a). For 5MLPb, the occupied quantumwell resonance at∼−0.25 eV has been included in
the plot. The electronic eigenvalues are represented on a 32×32Monkhorst–Pack grid. The plots are shown along a diagonal cut
¢ - G -K K through the Brillouin zone of the ( )´3 3 cell.
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character for the 4MLand 5MLPbfilm, respectively, i.e.α=1,K5, (6). These 5 (6) bands are displayed in
figure 1 by the thick red lines and symbols, togetherwith the full band structure (dashed lines) that is also shown
(over awider range of energies andwavevectors) infigures 3 and 4 of [14]. Due to the use of a supercell and
backfolding of the bands, these bandstructures are different from the bandstructure of Pb(111)(1×1) slabs that
had been used previously [11] in the experimental data analysis.

For evaluating the electron–phonon scattering rates, equation (6), we use techniques based on deformation
potential theory that allows us to obtain ( )Gnk

out ep from first-principles calculations of the phonon spectrum, the
electronicwavefunctions, andKohn–Sham eigenvalues, with only few approximations. As themost significant
one, we neglect of theQ-dependence of the deformation potential, while keeping its dependence on band index
n and crystalmomentum k. This is a good approximation for optical phonons and corresponds to keeping the
leading (constant) term in an expansion in powers ofQ, see [38]. In the energy-conserving δ-function in
equation (6), we retain thefinite phonon energy W » W� �I IQ 0, but neglect the dispersion of the optical phonon
branches. This is justified since the dispersion remains small (see figure 6 in [14]) due to the large real-space unit
cell, and hence small Brillouin zone, of the Pbfilms.Within these approximations (see appendix for a
derivation), thematrix element for electron–phonon scattering in equation (6) can be replaced by

∣ ∣ ∣ ∣ ( )( )d d»
W

a
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� D
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2
. 8n I

m n I
2

I
n
m

mk Q
k k

k
k

k k Q k,
2 ,

0 Pb

atom
Pb

supercell
, ,

HereAsupercell is the area of the Si(111)( )´3 3 supercell used tomodel the Pb/Si(111)film,MPb and vatom
Pb

are the atomicmass and atomic volume of Pb.Dnk,I is the deformation potential of the nth electronic band under
the phononmode I. TheDnk,I have been obtained fromDFT calculations [14] by evaluating the electronic
eigenvalue shift under finite displacements of the atomic positions given by the correspondingmode eigenvector
of the phonon. The two δ-symbols reflect conservation of crystalmomentum in e–ph scattering, and the
projection ofHep to thefinite electronic subspace, as described above. Thematrix elements ¢In

m
k

k account for the
difference between intra-band (n=m) and interband scattering (n¹m), and for the dependence on both the
initial andfinal electronmomenta k and ¢ = -k k Q. They are obtained from the overlap of the corresponding
DFTwave functions.More details of the derivation are given in the appendix. In summary, this approach allows
us to arrive at a simplified and computationally tractable, yet parameter-free description of e–ph scattering even
for such a complex systems as an overlayer on a substrate.

3. Results

Inmetals, e–ph and e–e scattering are closely intertwined, since the vastmajority of phonons is emitted by
secondary electrons and holes rather than by the charge carriers initially excited by the light pulse. This is because
e–e scattering quickly generates an avalanche of secondary electron–hole pairs with small energies around the
Fermi level. Since these secondary electrons and holes are producedwith high density and their energy still
exceeds typical phonon energies, they play amajor role in determining the rate at which the energy is dissipated
from the electronic system into the lattice. Nevertheless, we start our discussion by considering the contribution
of both e–ph and e–e scattering separately.

3.1. Relaxation due to e–ph scattering
First we investigate how the population of aQWSdecays under the sole effect of e–ph scattering. For this
purpose, we initially populate a singleQWS at theΓ-point and let the population evolve according to themaster
equation (3) using only the ratesΓin,(ep) andΓout,(ep). The results are shown infigure 2(a). At comparable energies
of theQWSof∼0.5 eV, the decay ismuch faster in the 4ML than in the 5MLPbfilm. This is to be expected
from the different size of the deformation potentials in the twofilms reported in [14]. The relaxation rate
increases with the temperature of the phononheat bath, which is indicative of the role of stimulated emission of
phonons. By decreasing the phonon temperature from400 to 100 K, the lifetime of theQWS in the 4MLfilm
increases from1.3 to 2.7 ps. For the 5MLfilm, the lifetimes fall between 13 and 37 ps.

3.2. Relaxation due to e–e scattering
The lifetime of hot electrons due to e–e scattering can be described by a self-energy formalism, as discussed in
[39]. The loss termΓout(ee)

nk in equation (4) is given by ( )( ) eG = - S �2 Imn nk k
out, ee . The self-energyΣ is obtained

fromaGW calculation of bulk Pb.Here,G stands for the electronicGreen function, andW for the screened
Coulomb interaction. These quantities are calculated from theDFTwave functions andKohn–Sham
eigenvalues using the built-in capabilities of VASP [40]. To be specific, a 11×11×11 k-pointmesh is used,
and the denominator inG is evaluatedwith a small shift of the transition energy away from the real axis,
η=0.08 eV,much smaller than typical values used inGW calculations of band structures. The result obtained
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for−2ImΣ in the conduction band isfitted to the ( )a e - En Fk
2 dependence expected fromLandau’s theory of

the Fermi liquid.Our resultα=0.022 (eV)−1 is in excellent agreementwith earlierGW calculations of bulk Pb
[41]. Finally, we obtain the expression

( )
( )

( )( ) e
G =

- E

30 fs eV
; 9n

n F
k

kout, ee
2

2

plotted infigure 2(b).
In the relaxation of highly excited electrons and holes, the energy is dissipated to secondary electron–hole

pairs. This process is very efficient inmetals, since, in contrast to semiconductors, there is no energy gap
preventing the generation of secondary particles. These effects are included in the the scattering-in term ( )Gnk

in ee of
equation (5). Although this term can be obtained from themaster equation [39] aswell, we choose for
computational convenience a simpler treatment in our present study. The gain term is assumed to factorize into
an energy-dependent and a time-dependent factor, ( ) ( )( )G = F x N t .nk

in, ee The distribution functionΦ describes
the secondary electrons and holes produced via impact ionization by a relaxing high-energy electron. Following
thework of Baranov andKabanov [5], we use forΦ a stationary solution of the Boltzmann equationwith a
Coulomb scattering kernel, ( ) ( ) ( ) ( )eF = = -x x x x E k Tcosh 2 , n F Bk

2
el , where the electronic temperature

Tel=650 Kwas chosen in accordancewith the energy of ( )( )= = pE g E k T0.1 eV F Bdep 6 el
2

2

deposited by the

laser and the electronic heat capacity of Pb ( )= pc g E k TV F B3
2

el
2

. The time-dependent factorN(t) for creation of
secondary electrons and holes is determined by energy conservation in the e–e scattering.Our simplified
treatment assumes that the initial electron in state nk ends up at the Fermi energy, transferring all its initial
energy to secondary electron–hole pairs. Thismotivates the choice

( )
∣ ∣

( ) ∣ ∣ (( ) )

( )å
ò

e

e e e e
=

- G

- F -
N t

E f

g E E k Td
,n n F n n

F F B

k k k k,
out, ee

el

where g(ε) is the electronic density of states. Both g(ε) andN(t) are evaluated numerically using as input theDFT
band structure of slabmodels for Pb/Si(111)( )´3 3 multilayer films.

3.3. Competition between e–e and e–ph scattering
In this section, we compare simulation results for Pbfilms of 4 ML and 5ML thickness as representatives offilms
with an even and odd number of layers studied by optical pump-probe experiments in [11].While these
experimentsmeasure the total probability for two-photon photoemission, our simulationsmodel the
population of the intermediate electronic states that are reached by the electron after applying the pumppulse
and subsequent relaxation. The second step of the two-photon photoemission, which kicks the electron into the
vacuum, is notmodeled. Provided that the probability of ionization by the probe pulse is a smooth function of

Figure 2. (a)Decay of the population in a single quantumwell state at theΓ-point, as indicated by the ellipses infigure 1, solely due to
e–ph scattering. The energy of the chosen initial statewas 0.58 eV for the 4MLPbfilm (full lines) and 0.53 eV for the 5MLPbfilm
(dashed lines). Results for various temperaturesTI of the phonon heat bath between 100 and 400 K are shown. (b) Lifetime of excited
electrons due to e–e scattering, equation (9) (full line) as a function of energy. The circles show the lifetime of quantumwell states in a
4MLand a 5MLPbfilm as obtained from solving themaster equation including both e–e and e–ph scattering.
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energy, themeasured yield can be considered approximately proportional to the population of the intermediate
state.

The initial distribution is chosen such that it describes the response of our specific system,multilayers of Pb
on Si(111), to a short optical pulse with frequency centered around hν=1.9 eV. This corresponds to the photon
energy of the pump laser used in the experiment [11]. The polarization of the electricfield, denoted by the unit
vector e, is chosen parallel to the Pbfilm surface. Before the laser pulse arrives, the system is described by a
Fermi–Dirac distributionwith low temperature,Tel→ 0; hence fnk(t<0)=Θ(EF−εnk ). To be specific, we
evaluate dipolematrix elements [42]

( ) ∣ ∣ · ∣ ∣ ( )

( ( ) ( ) ( )

å d e e n

e e

= = á ñ - -

´ Q - - Q -

f t A n m h

E E

k e k0

. 10

n
m

n m

F m F n

k k k

k k

0
2

In the numerical evaluation1, a broadening of the δ-function by 0.02 eV is used. The proportionality factorA0 is
chosen such that the energy of excited electrons and holes deposited in the Pbfilms amounts to∼0.1 eV per
supercell area, equivalent to 3.7m -J cm 2 .

By solving themaster equation (3)numerically, we are able to follow the relaxation of the excited electrons in
real time.We define an energy and time dependent population of the intermediate state

( ) ( ) ( ) ( )åe d e e= -P t f t, . 11
n

n n
k

k k
,

, ,

Figure 3 shows on a logarithmic scale the energy distribution P(ε, tj) of the excited electrons for various times tj
after the excitation. For plotting the results, the δ-function in equation (11) has been replaced by a rectangle with
awidth of 0.06 eV.

We start with a discussion of the initial distribution, shownby the thick black line, calculated according to
the transition dipole strength, equation (10). For the 4MLPbfilm (figure 3(a)), the distribution is highly
structuredwith a sharpmaximumat 0.58 eV and a broad peak around 1.21 eV. For the 5MLPbfilm (thick black
line infigure 3(b)), only the peak at 1.21 eV (and possibly a short-lived peak at higher energies) remain visible,
while the low-energy peak ismuch less pronounced. These results are in excellent agreementwith the
experimental observations of [11]. In this work, a high-energy peak in the range of 1.1–1.2 eVwas observed for
filmswith an odd number of Pbmonolayers, whereas the peak at 0.6 eVwas dominant in Pbfilmswith an even
number of layers. Note that, due to experimental limitations of the probe laser energy, excited electronswith
energies lower than∼0.5 eV could not be detected in [11].

Next, we analyze the relaxation of the energy distributions for later times. Fromfigure 3 it is obvious that all
distributions develop a low-energy part corresponding a quasi-thermal distribution of secondary electrons,
showing up as an exponentially decreasing function of energy. The high-energy part of the initial spectrum
decaysmainly due to e–e scattering, thereby creating secondary electrons via impact ionization. Therefore, the
high-energy tails decay quickly, simultaneously accompanied by an increasingweight of the secondary-electron
distribution.Now turning to longer time scales, we observe that the low-energy part in the 4MLPbfilm and the
population in the energywindowbetween 0.4 and 0.6 eV decaymore slowly. At the same time, a broad shoulder
on top of the secondary electron distribution builds up at∼0.3 eV (marked by the arrow infigure 3(a) and
magnified in the inset). Both phenomena can be traced back to the effect of e–ph scattering: excited electrons of
the initial distribution at energies of 0.4–0.6 eV ‘glide down’ the electronic band structure (see figure 1(a)),
thereby emitting phonons. The relatively slow rate at which this occurs leads to a ‘phonon bottleneck’, i.e. to the
build-up of the shoulder centered at∼0.3 eV. This effect, related to the discreteness of electronic states, is quite
common for the e–ph relaxation in nanostructures, and has been observed e.g. in quantumdots [43] aswell as in
two-dimensional layered semiconductors [44].While there is still continuous energy dissipation to the crystal
lattice by very low-energy secondary electrons, the ‘phonon bottleneck’ affects electrons at higher energies and
results in additional, but delayed production of phonons emitted by these electrons ‘gliding down’ the
conduction bands. A similar, butweaker ‘phonon bottleneck’ can be observed on top of the secondary electron
distribution in the simulations for the 5MLPbfilm infigure 3(b), marked by the arrow andmagnified in the
inset.

Infigure 4, we analyze the time scales associatedwith the electronic population decay at selected energies
where peaks had been found in the populations infigure 3. The lineswithout symbols infigure 4 show the decay
according to the full relaxation dynamics, including both e–e and e–ph scattering. All populations show a nearly
exponential decay, albeit with different decay rates. The lifetimes for the populationmaxima at 1.21 eV and
0.58 eV, extracted via exponential fits, are 21fs and 101fs, respectively. For the lowest energy of 0.46 eV, wefind
an initial rise of the population due to scattering-in from electrons at higher energies, followed by a population
decay after about 30fs, corresponding to a lifetime of 183fs. The rather broad (in time)maximumof the

1
The dipolematrix elements are delivered by theVASP code using the keyword LOPTICS.
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0.46 eV curve results from a compensation of the rates of incoming electrons fromhigher energies,mostly
originating from e–e scattering at these high energies, and losses due to both e–e and e–ph scattering, the latter
one gaining in relative importance as we go to lower energies. Interestingly, the described broadmaximumof the
population evolution at low energies is also seen in the experimental data [11]. In the computer simulation, we
can deliberately turn off the e–e scattering channel after a very short initial time interval. The e–e scatteringwas
permitted only in the very early times, somewhat arbitrarily chosen to be less than 6 fs, since somemechanism is
required to establish a realistic smoothened electron distribution including an appropriate low-energy
secondary-electron part. The result of these runs are displayed infigure 4 by the lines with circular symbols. If the
relaxation after 6fs proceeds by e–ph scattering only, the population at 0.46 eV initially decays on a time scale of
350fs (green symbols infigure 4(a)), which can be taken as an estimate of the e–ph scattering rate in this energy
range. This initial decay is followed by amuch slower decay over several picoseconds. At the higher electron
energies of 0.58, 0.81 and 1.21 eV, the scattering-in events of electrons fromhigher energies are equally probable
or evenmore frequent than the scattering-out events, and hence a net contribution of e–ph scattering to the
decay is not detectable on the time scale shown infigure 4.

A similar analysis has been carried out for the 5MLPbfilm, see figure 4(b). For the peak energies at 1.21,
0.81 and 0.52 eV, overall lifetimes of 21, 47 and 126fs are obtained from exponential fits to the full relaxation
dynamics. Again, it is possible to estimate the relative importance of e–ph scattering bywatching the population
decay after the e–e scattering has been ‘turned off’. From the slopes of the curvesmarked by the circular symbols
infigure 4(b), characteristic times of 24 ps and 4.1 ps are obtained for 0.81 and 0.52 eV electron energy,
respectively. At the highest electron energy of 1.21 eV, againwefind that the contribution of e–ph scattering is
too small to be detectable on the time scale shown infigure 4.

From this analysis, we learn that the contribution of e–ph scattering to the total lifetime of the peaks at
energies larger than 0.5 eV ismuch smaller compared to the e–e contribution. Thisfinding confirms the original

Figure 3.Electronic excitation spectra (thick black line) after a laser pulsewith hν=1.9 eV for (a) 4MLand (b) 5MLof Pb/Si(111).
The colored lines show the population of electronic states after a time delay of 60, 90, 120, 180, 300, 600, 900 and 1200fs after
excitation. The approximately exponential part of the spectra at low energies results from secondary electrons excited via e–e
scattering. The arrowsmark the energy rangewhere, in addition to the secondary-electron distribution, a delayed relaxation of hot
electrons due to a ‘phonon bottleneck’ can be observed. Amagnification of this region is shown in the inset.
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analysis of the experimental data byKirchmann et al [11]where e–ph scattering had been disregarded. Analyzing
the experimental data formany Pbfilm thicknesses, they concluded that the low-energy peak is clearly observed
infilmswith an even number of atomic layers and has a lifetime of 115±10fs, while the high-energy peak is
visible only in the odd-layer films and has an energy-dependent lifetimewhich turns out to be 10±5fs for
5MLPb.Our simulation results of 101 and 21fs are in reasonable agreementwith their experimental findings,
in particular if it is taken into account that the e–e scattering rate is very sensitive to the precise energetic position
of the peak. The lifetimes extracted fromour simulations are summarized by the circular symbols infigure 2(b).
Despite the additional decay channel of e–ph scattering being taken into account, the simulated lifetimes lie
above the lifetime of isolated electrons due to e–e scattering alone. This is because the simulations describe a
realistic distribution of excited electrons, and the incoming flux fromhigher-lying electronic states effectively
‘conserves’ the population of the lower lying states over longer times.

3.4. Excitation of lattice vibrations
Although the contribution of e–ph scattering to the lifetime of theQWSwas found to be small, the low-energy
states populated by the secondary electrons couple significantly to the lattice vibrations. At these low energies,
the e–ph scattering as lossmechanism even dominates over e–e scattering, since the lifetime due to e–e

Figure 4.Relaxation of the population at various electronic energies E−EF for (a) 4MLand (b) 5MLof Pb/Si(111). The lines give
the relaxation under both e–e and e–ph scattering. The linesmarkedwith circles show the relaxation dynamics if e–e scattering is
turned off after 6 fs, and the population evolves solely under e–ph scattering.
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interactions rises above 300fs for electrons below 0.33 eV according to equation (9).With the help of the
simulations, it is possible to follow the energy transferred from the electrons to each of the phononmodes
separately. Figure 5 shows the increase in time of the excess vibrational energy (in addition to the thermal energy
corresponding to the initial substrate temperature) in the various Pb vibrationalmodes. Summation over all
modes yields a total energy transfer between the electronic and the lattice degrees of freedomof 8.2meV ps−1 for
the 4MLPb and 0.79meV ps−1 the 5MLPbfilm, respectively. The smallness of these quantities (a fewmeV
compared to 0.1 eV electronic energy in the film) gives an a posteriori justification for the perturbative expression
used for the interactionHamiltonianHint. It is seen from figure 5 that the energy transfer is highlymode-
selective2. One particular surface phononmode receives amajor part of the energy. The dominance of this single
mode depends onfilm thickness; in the 4MLfilm it is clearlymore pronounced than in the 5ML filmwhere

Figure 5.Temporal evolution of the energy in the highest-lying phononmodes of Pb for (a) 4MLand (b) 5MLof Pb/Si(111)films, as
obtained from the time-integrated quantities eI(t) of equation (B3). The strongest phonon excitation is in one particularmode
corresponding to surface-normal vibrations of the Pb atoms of the two topmost layers relative to each other at 2.26 THz in the 4ML
film and at 2.03 THz in the 5ML film, respectively.

2
In our simulations, we explicitly allowed for the possibility of conversion between different vibrationalmodes (see appendix), but it should

be noted that vibrational coupling takes place on amuch longer time scale of at least 30 ps and is hardly relevant for the observations in
figure 5.
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severalmodes participate in the energy uptake. In the 4MLPbfilm, this is amodewith frequency 2.26 THz
(labeled 47 in our previous publication [14]), while in the 5 MLPbfilm it is a phononmode at 2.03 THz. In
experiments using a high laser fluence, the strong coupling to a specificmode has indeed been observed; in the
5MLPbfilm, it was detected experimentally by a periodic shift of the quantumwell energywith a frequency of
2.0±0.1 THz [45], which is in excellent agreementwith the frequency of 2.03 THz identified in our simulation.
For bothfilm thicknesses, themodes at frequencies below 2 THz, which are similar to phononmodes in bulk Pb,
receive only amuch smaller amount of energy on average.

As seen from figure 5, the increase of the energy over long time scales, e.g. over 4 ps, is sub-linear and
saturation is expected at even longer times.We attribute this slow response to the rather long time required by
the electrons to relax fromhigh energies down toEF viamultiple phonon emission processes. Due to the
‘phonon bottleneck’ described above, this takes longer than expected fromAllan’s formula [3]. This formula
requires as sole input the electron–phonon coupling constant of the bulkmaterial that can e.g. be determined
fromultrafast reflectivitymeasurements [46].

Eventually, we comment on the possibility to directly observe the excitation of the lattice experimentally.
The excitation of low-lying Pbmodes results in irregular displacements of the atomic positions onmedium to
large length scale that can be followed in theDebye–Waller factor of a time-resolved electron diffraction
experiment. Preliminary experimental data for Pbfilms [47] indicate that the low-energy phonons are indeed
getting excited on the time scale of a few picoseconds. Interestingly, recent diffraction experiments were able
demonstrate themode-selective energy transfer to phonons even for bulkmaterials such as aluminum [48] or
nickel [49]. Apparently, phonon excitation by strongly excited charge carriers opens up the exploration of a new
class of non-equilibriumphenomena, not only in bulkmetals, but also in semiconductors [50] and
nanostructures. Due to thewidely different timescales of e–ph interaction and phonon-phonon interaction, the
non-equilibriumdistribution of phonons created by the hot carriers can persist over a time span of several
picoseconds. Thus, non-thermal phonon distributions could be amorewide-spread phenomenon than
previously thought, and further research along these lines could be fruitful.

4. Conclusion

Simulations of electronic relaxation have been performed for a realistic system,metallicmultilayer Pbfilms on
Si(111), with the help of a parameter-free approach based on density functional theory. Electron–electron (e–e)
and electron–phonon (e–ph) scatteringwere both included in themaster equation.Not surprisingly, e–e
scatteringwas found to dominate over e–ph scattering for short times and highly excited electronsmore than
0.5 eV above the Fermi level. Our simulation results thus justify the neglect of e–ph scattering in the analysis of
experimental data [11] in this regime. The simulated lifetimes of 101fs and 21fs for theQWS at 0.58 eV and
1.21 eV, respectively, are in reasonable agreement with the experimental findings. The importance of
e–ph scattering shows up in the simulations at lower electron energies where the e–e scattering rate decreases
strongly. Taking the fastest e–ph relaxation found in the present simulationswith a characteristic time of 350fs
as amarker for the cross-over between e–e and e–ph scattering, we conclude that e–ph scattering significantly
contributes to the relaxation of electrons in Pb at energies below 0.3 eV. Indeed, the simulations show a
population pile-up around 0.3 eVdue to the cross-over of the e–e and e–ph scattering time scales at this energy.
After 300fs, it is fair to describe the electronic population by a thermal distribution, however, only up to an
excess population of electrons getting stuck in the ‘phonon bottleneck’. Remarkably, this does by nomeans
imply that the phonon populations could be described by a temperature aswell. Contrarily, the simulations
show that even up to 4 ps after excitation high-frequency surface vibrationalmodes are preferentially excited by
stronglymode-selective phonon emission.

In summary, our simulations enable us to disentangle the contributions of e–e and e–ph scattering at short
times,<0.3 ps after optical excitation. Although afirst glance at the data is compatible with electronic
thermalization by e–e scattering, a contribution of e–ph scattering can be observed already in this early stage, in
particular at low electron energies. The phonon system requiresmuch longer (several picoseconds) to
equilibrate. Additional simulations beyond the scope of the present work are desirable to gain an improved
understanding of the energy transfer between the two subsystems in the later stages of relaxation.
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AppendixA.Deformation potential theory of electron–phonon scattering

The derivation of the formof the electron–phononmatrix element, equation (8), starts from theHamiltonian
Hep brought to its real-space representation
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The physical interpretation of ( )GGDV rI Q is the additional perturbing potential in theKohn–Sham equation due
to the presence of a phonon ofmode I andwave vector

G
Q. The vector notation refers to vectorial quantities in

three-dimensional (3D) space.
In a very general setting, Fermi’s golden rule requires us to calculatematrix elements of the form

⟨ ( ) ∣ ( ) ∣ ( )⟩ ( )Y D Y¢ ¢ r V r r A3n IQ nk k

involving 3D real-space integration.Wenow switch to the situation of interest, a two-dimensional filmwith
periodic boundary conditions in the x, y coordinates.Within deformation potential theory [38], the integration
over the coordinates x and y in the film plane is carried out to yield a (spatially independent) shift of the Kohn–
Sham eigenvalue, denoted byDnk,IQ, multiplied by a δ-symbol of parallelmomentum conservation

( )d - ¢D . A4n Ik Q k k Q, ,

The bold symbols denote two-dimensional vectors in thefilmplane; the ‘+’ sign refers to absorption, the ‘−’ to
emission of a phonon ofwavevectorQ. Technically speaking, the deformation potentials are obtained in the
followingway: a phonon eigenvector labeled I, as obtained from the PHONOPY code, is scaledwith MPb and
then added or subtracted from theCartesian positions of the Pb atoms in the unit cell. For the two geometries
obtained in this way (called+ and−), static DFT calculations are carried out, yieldingKohn–Sham energy
eigenvalues e+n Ik and e-n Ik, . The eigenvalue shift determines the deformation potential via
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Note that the (optical) deformation potentialDnk, I0 has by definition the physical unit of energy/length.
Nowwe return to the evaluation of thematrix element in equation (A2).Wework out the equations for

general wavevectors k and k′ andwill enforcemomentum conservation in a later step. After squaring thematrix
element to obtain the expression for the rate constant, we canwrite
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Here, the constant eigenvalue shift has been taken out of the brackets, and ( )f znk denotes the Bloch-periodic
part of the full 3Dwavefunction ( )GY rnk suitably averaged over x and y. This expression requires to evaluate
integral(s) over the remaining z coordinate that denotes the spatial direction normal to the film inwhich the
electrons are confined
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where the definition
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has been used. To obtain the overall scattering rate due to one specific phononmode I, the summation over
G

Q in
equation (A1)needs to be carried out, or equivalently an integration over the Brillouin zone of the phonon.
Therefore the expression for the rate will include
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If we now assume that the deformation potentialD is only weakly dependent onQ (which is reasonable for
optical phonons in a large supercell), we can take it out of the sums and integral, setQ=0 and ≕D Dn I n Ik k, 0 , ,
and perform the integration overQz prior to the integration over z and ¢z .Motivated by this procedure, we
define a quantity (see the analogous case for a 1Dwire, rather than a 2Dfilm, in the appendix of [51])
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As a consequence of the definition of ¢ ¢Jn
n

k
k in equation (A8), it follows that theQz integration yields ( )d - ¢z z ,

and the two factors with arguments z and ¢z in the expression (A7) turn out to be complex conjugates of each
other. Performing the integral over ¢z togetherwith ( )d - ¢z z leaves uswith a single integral over z, but now
with the squaredmoduli of thewavefunction in the integrand. In the numerical implementation, we not only
integrate over z, but simultaneously perform the spatial average over the supercell by integrating over x and y and
dividing the result by the area of the supercellAsupercell:
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For this expression to be valid, the squaredwavefunctionsmust be normalized such that

∭ ∣ ( ) ∣Y =x y z x y z Ad d d , , ,nk
2
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in otherwords,Ψmust have the physical unit length−1/2. Finally, by inserting the expression (A10) for the
double integration in equation (A7) and properly normalizing toAsupercell, we arrive at the result given in
equation (8).

In practice, the squaredwavefunctions ∣ ( )∣Y x y z, ,nk
2 are obtained from theDFT calculations, using the

PARCHGkeyword of theVASP code. To reduce the sheer number of calculations, we calculate ¢ ¢In
n

k
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for all combination of band indices n and ¢n of the bands in the energy range [ ]+E E, 2 eVF F , and for the three
combinations of the two k-vectors, ( )=k 1 4, 0, 0x and ky=(0, 1/4, 0). For other combinations of k-vectors,
we interpolate using the angle θ between thewave vectors as variable, defined via the scalar product q = ¢
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Appendix B. Phononheat bath

Already from inspecting the numerical values of the deformation potentialDnk, I, it becomes clear that the
coupling of an excited electron to a phonon can be highly phonon-mode specific. In particular, coupling to the
highest-lying Pbmodes is strong.We therefore use an independent heat bath for each theNopt=6 highest-lying
Pbmodes. For the 4MLPb/Si(111)film, these six phonons (surface and interfacemodes) of the Pb layer are in
the 2.1–2.5 THz range (modes labeled 44, 45, 46, 47, 48 and 49 in [14]). For the 5MLPb/Si(111)film, the
analogousmodes are found at somewhat lower frequencies, in the 2.0–2.3 THz range. All the other, lower-lying
modes are taken to constitute a common acoustic phonon bathwith temperatureT0. In addition, a constant
lattice temperatureTsub of the Si substrate acting as a heat sink is part of the description of the vibrational system.

As initial condition, all temperatures are set to a base temperature of 100 K at the beginning of the
simulation. In general, the population nI(t) of a phononmode I varies slowly on the scale of electronic relaxation.
Yetwe allow for energy exchange between the various heat baths. Previous simulations [52] using classical
molecular dynamics showed that the surface phonon in a Pb/Si(111)monolayer is damped due tomode
conversion on a time scale of τconv=30 ps. In the present simulation, we use this time constant to couple each of
the baths at temperatureTI(t) to the common acoustic bath atT0(t).Moreover, the acoustic bathmay transfer
energy to the Si substrate lattice on an even longer time scale τsub=160 ps. This value was adopted from
measurements observing the equilibration of Pbfilmswith the Si substrate byWitte et al [53]. The above
considerations lead to the following equations describing the evolution of lattice temperatures:
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The quantities cV
acu and cV

opt denote the partial heat capacities of the acoustic phonon bath, and of one optical
mode, respectively. In the ‘classical’ approximation, i.e. when the equipartition theoremholds, we have

=c kV B
opt and =c N kV B

acu
acu . In the present cases,Nacu=42 for the 4ML slab andNacu=54 for the 5ML slab.

The rates of energy transfer eI(t) from the electronic system into the heat bath are calculated simultaneously
while solving themaster equations (3) and (6). They define the inhomogeneous terms on the left hand side of
equations(B1) and (B2)
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acu The time integral of these quantities yields the

energy transfer to each vibrationalmode displayed infigure 5.

AppendixC.Numericalmethods

The electronic Brillouin zone is sampled on a 32×32 k-space grid. Due to symmetry, only one half of the
Brillouin zonewith grid points ky�0 needs to be stored, resulting in a 32×17 grid of data points. For storing
the electronic population data vector fnk, the grid is refined by a second grid defined by themid-points of thefirst
grid. Themaster equation is integratedwith a time step ofΔt=0.04 fs by iterating between the two grids. For
evaluating the energy-conserving δ-function in equation (6), it is transformed into a δ-function in k-space using
the relation
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whereK(n,m, I)denotes the one-dimensional solutions of the equation

( )( )e e- = W� C2n m n m I Ik K , , 0

forfixed n,m, I and k. The solutions are constructed from straight line segments in each triangle in a tessellation
of the Brillouin zone defined by the two interpenetrating grids. In each triangle, the εnk are approximated as
piecewise bi-linear functions of kx and ky. Eventually, the integration over the δ

(2)-function in equation (C1) is
numerically represented by the arc length (in k-space) of the solution, approximated by the cumulated lengths of
the line segments, as illustrated infigure C1. The right-hand side of themaster equation is thusmade up by the
sumoverm, I, all grid points and pertaining line segments, in total∼106 terms.

FigureC1.Thefigure illustrates schematically how energy conservation is imposedwhen evaluating Brillouin zone integrals. The
support points of the population data vector fnk (full circles) and the additionalmid-point grid (empty squares) define a tessellation of
the Brillouin zone by triangles (thin dashed lines). The thick dashed blue line represents the solution of equation (C2) expressing
energy conservation, and the full red line segments are the approximative solutions constructed in each triangle by local linearization
of the bands εnk.
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